
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



—81— 
INTEGRATION BY A UXILIAB Y INTEGRALS. 



BY WERNER A. STILLB, PH. D., HIGHLANB, ILL. 

When the integration of a function of the form dy ■:=f[x) dx is required 
in finite terms, we must reduce the function to some one or more of the well 
known fundamental forms. By far the most fruitful method of so doiug is 
the substitution of a new variable; and the real difficulty to be overcome 
consists in the judicious choice of the form of the new variable in terms of x. 
Very often the reduction to any of the fundamental forms is found impossi- 
ble, or at least all our attempts to the purpose prove futile and we have no 
resource left but the expansion of the function into a converging series of 
which the single terms are then to be integrated. 

It would seem at first sight that, although the integration in finite terms 
may be found impracticable, yet the opposite mode of procedure must yield 
an abundance of new results and must lead to new fundamental forms, viz., 
the assumption of some new form of the variable instead of the variable of 
the fundamental integrals, which subst. would immediately yield new and 
useful primitive integrals which might in their turn be used as we now use 
the primitive forms of the text-books. The great obstacle, however, to the 
invention of new primitive integrals in this manner lies in the fact that up- 
on diSerentiating the new variable, the differential is commonly found to 
consist of more than one term, so that, although the aggregate value of the 
integrals so arising is known, yet the values of the integrals each singly, 
are not known. 

The result of this state of affairs has been that to the present day the num- 
ber of differentials integrable in finite terms is quite limited. This is espe- 
cially true of the so-called irrational functions; and an examination of any 
collection of tables of integrals reveals the fact that of irrational functions 
scarcely any are integrable in finite terms save such where the variable oc- 
curs at no higher power than the second. Indeed besides these radicals of 
the second degree scarcely any but the "binomial" differentials seem to have 
been studied. I purposely leave out of consideration the elliptic integrals 
and other transcendental functions, as not falling under the forms proposed, 
namely those integrable in finite form ; my intention being, in the present 
paper, to treat of an extension of the well known methods of reduction of 
differentials to the primitive forms by means of other differentials of which 
the integrals are already known. 

In order to give, at the outset, some idea of the method here chiefly to be 
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followed, I will illustrate the same by the following simple example. Let 
it be required to integrate 

, dx 

y ~ (1 + a;2)i/(l — ^)- 

This form readily suggests two of the primitive forms, namely : 

dx J dx 

i 

We will put 



i + x"^ -^{l—x'^)' 



dz = ^ — I — 2 5 so that s = arc tg a; + C. 



dx 

Since we are at liberty to assign to z any value compatible with the last 
equation, we can put C ^ 0, so that 

a = arc tg a;, . • . a; = tg 2. 
We will now compare dy with dz, thus 

di ^ 1 ^ 1_^ 

dz 1/(1—0)2) y'(l_tg22)' 

7 dz cos z.dz , 

••• % = 7(1-^=- vi>^^y ^'""" 

y = |-j/2.arc sin (■j/2.sin z) + CI 
On the other hand, we might also have integrated in this way: Putting 
dt = dx-r- v (1 — x'), .' . t= arc sin a;, .•. x ■= sin t. 

dy 1 1 , dt ^ 

It ~ T+x^ ~~ T+sm2^' ^ ■" i+sin2f' 

.'. y = jT/2.arctg(i/2.tgi)+a 
Now, in order to avail ourselves of the method just illustrated we will 
first extend somewhat the range of the primitive integrals of the books and 
then make use of the functions so found for the purpose just indicated. It 
will be seen in the sequel that we can easily by our method find a great 
number of integrals which to find in finite terms by the methods of the 
books would be impracticable. 

For the sake of convenience I will arrange the new primitive functions 
into classes, or types, each corresponding to one of the fundamental forms of 
the text-books. I would beg leave, for this purpose, to retain the continen- 
tal notation, namely arc sin x for sin~ ^ x and arc tg x for tang~^a; &c., which 
notation, it will be seen, is more suitable for our purpose. 

A. The type akc sin x. 

The following integrals are easily verified by difFerentiation. The con- 
stant of integration is omitted. The inversion of the integral function is 
subjoined in each case, since with it we shall chiefly have to deal. 
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I ^ = - arc sin a;** =«;.•. a; = SID ^ 

r dx 2 . / . 2 \| . 

r i/x.dx 2 . , / • 3 \| 

J ^(i_a;3) = ^^^osmxi=y;.-.x^ (^sm ^^/j^- 

• •■••••••• • 

where n is any positive or negative integer or fraction. 
Similarly : 

/dx n • —V 1 
— = — 2 arc sin a; -^ = w ; .• .x = -r-. — -— 5-. 

7-K — TT = — 7, arc Sin o; ^ =y; .■ . x = — ^ — r-. 

xi/{x^ — 1) 2 (sin 2/) 



-^ a;i/(a;3— 1) i 



2 • -# . 1 

arc sin a; 2 = y- .• . x — 



^/(^3_i) 3"^- ^' (sin 12/)^^ 



J xi/ix"—!) \ 



2_„..... .._^„ 1 



-?«». 



arc sin a;""'^"= 2/ ; . • . a; = -— r- 



where n may be any positive or negative integer or fraction. 
Similarly, when putting (as is customary) i = \/ — 1, 

^^ = — 2i.arc sin ii.x^') ^y; .' . x''^ ^ — i sin \%y. 

-l/xi/{l + x) 

C dx 2. . ,. , ... 

I — — ST = — Tr*.arc sin [i.x ) = y; .• . x = — z sm %y. 

J |/(1 + a;2) 2 \ I U' a 



C X^'"-'^dx 2. . /• Kn\ . Hn 

I — e = — -^.arc sinli.a;'^ )^ V, • • x-^^^ — i 



1/(1 +.'«") 
And so also : 



sm %xy. 



— J- — - = 2*.arcsin(i.a;~'^) = y; .'• x *^ = i.sin (i.^y). 

xy [x + 1) 

f xi/{x^+ 1) ^ f-&rcsin{i.x-^) = y; . • . a;-i = i.sin(i. y). 

— ,, 3 , ,< = ;5i.arcsin(i.a;-|) =y; . • . a;"^ = ^.sin {i.^). 

i xr/ix^^ 1) ^ -^•arcsin(z..a;->^'')= y; . ' . a;-| = isin {i.^y). 
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The following forms belonging to the same type are also easily verified 
by differentiation : 

(T^:^)^^l=^) = -l/2.arcsmV^-^ = ,; ..., = ___g__) 

/i/a;.da; , zo . /I— a;^ , 1 — sin^(|wi/2) 

(r+^7(riIi^=-*V^2.arcsm^j-^==,; . . . ,s ^ ___|__ j 

/. a!'^"-icZ« 1 /o • /I—-''"" . n 1— sin'(?3/|/2) 

Again : 

/dx . o . 11 + •'" 

7- ^— 7- = — t/ — 2.are sin -* ~ — — = y, • • 
{l-x)v'x^{l+x) ^ Ml -a, ^ sin^(|y^_2)_l 

"^ sm\iyi/-2)+l- 

^ ^ ^ ^ a.2^ sm'( yi/—2)— l 

sin^( yi/— 2)+l 

" sm-(iy|/-2) + r 
Again : 

/dx . X — a /I , • \ 

-TTjr sr = arcsm = y; .• . x = a(l+sm y). 

/dx 1 . x^ — a , 3 /I I • o \ 

7(2^_:r^ = *^^-«^^"-^ = 2'5 .•.a,»=a(l+sm2y). 

And again : 

r dx . /. 1 \ 1 

I -! — -pr — = arcsm 1 = «•, •. a; ^ ; . 

Jxi/{2x — l) \ xj "' 1— smy 

— TTTT-s — ^ =4arcsin (1 — -A =«;.•. a;^=r . — -_. 

a!i/(2a;2— 1) ^ \ x^l ^' 1— sin 23/ 

— -r-^ -^ =iarcsin (1 — — | ^ j/; .*. x 



1 — sin ny 
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B. The type aec tg x. 
f_ — __^_ _ = 2arctgr./(l +x)=y; .• . ar = tg'(|y)— 1. 

/(S+Ih^7{i+i) = - ™*('+i)* =»• ■••''=i^- 

C. The type log x. 
The following primitive integrals are also easily verified by differentiation. 



1 

X = 



1 — e" 



/dx n /i 1 \ . — 1 
___^ --sigi^i-^; -3/; . . iB - j--^. 

/» da; 1 1 /i , 1 \ «"" 

j a;t/(a;" —1) [ic>^" + j/(a;" —1)] ^ "^^i^ + T ^/ j =2/' •'• 






1—26""' 
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The application of the foregoing formulae I begin with two functions com- 
monly treated in the text-books. This will lead to a comparison of methods. 
Next I shall proceed to the integration of functions not found in the books. 

The function 

J x^dx 

^^ = 7(1=^ 

is usualiy treated in the books by means of a formula of reduction and the 
two cases where m is odd or even are separately considered. This function 
at once calls to mind the elementary form 

, dx 

from which z = arc sin a; ; x^ sin z. Hence 

^ = a;"' = sin'-'z : . • . dy = sin"'2 dz. 
dz > J ■ 

First let m be an odd number, for example m = 5, then 

dy = sin z (1 — cos^2)^cZs = (1 — 2 cos^z+cos*z) sin z dz ; 
y = — cosz+fcos'z-f |-cos*z. 
This mode of treatment of /sin'^z dz evidently applies to all cases where 
m is odd. Now let m be an even number, for example m = 4, then 

dy = sin*z dz = i(l — cos 2z)^dz = |-(1 — 2cos 2z+cos^2z)dz, 
and expanding 008^22 as before, 

dy = J(| — 2cos 2z+ Jcos 4z) dz, 
the integration of which is obvious. The method just employed for m=an 
even number is applicable to all cases of that kind. And let it be noticed 
by the way that all integrals of the forms 

fcoa^x dx, /sin"a; dx ; /sin"* cos"a; dx 
may be found with equal facility as the above and without recourse to for- 
mulae of reduction when m and n are positive. And I would mention also, 
in passing, that the same simple methods are still applicable in /sin"a; dx 
and /cos^a; dx when «i is negative. For when, in this case, m is odd, the 
multiplication of numerator and denominator by cos x and by sin x respect- 
ively, readily suggests the further proceeding ; and when m is an even num- 
ber the passage to the cognate imaginary angles by the substitution sin x = 
— iig if, . • . cos 0! = 1 -^- cos if, .• . dx =^ df-r- cos if reduces this case to 
that where m is odd, so that the formula of reduction given in the books 
becomes needless. 

For the sake of comparison of methods let us (lastly) consider the funct.: 
, _ x^dx 
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(n being any integer) which is commonly also treated by a formula of reduc- 
tion, as is well known. We take in connection with this function one of 
our primitive forms, viz. : 

dz = — jjr 2\ ; . ■ . s = arc sin ; x = a(l + sin z) ; 



dx 


; •■• 


z 


= 


. X — a 


,/(2aa'— «2)' 


a 


•■• 


dz 


:^ 


.-B" 


= a\l+sinzY; 



.-. y = a'f{l+smzfdz, 
which evidently comes back to the forms just treated and is integrable with- 
out any diiSculty. 

We now proceed to the application of our elementary integrals to other 
forms not commonly found in the books. 
Let it be required to integrate 

, _ dx 

^ ~ v{T^~x^~) [i/(i + x-^r+x^^y 

This function suggests the elementary form 

, ^2.dx _ V'2'.dx 

^ ~ (T+^Vi/Ti^^) ~ 1/(1— «*')7(r+"^"'')' 

which gives 

' = "^rcsm ^^^; .-. sm. = ^^^,; cos. :== ^^y^-^,- 
Now dy may be written thus 

dv = - dx^l+x^) 

^ {1+x^) 1/(1— «2)[i/(i +x^)+x^/2] 

dx 



r "^^ _ 1 Wi • /I— «^\ 

•■ j7(i=5r)[7(T+^)+i-v2] - 72*^l^^''"Nr+^/' 

Let it now be required to integrate the similar, but more general form : 

"^^ ^ V{l—x'')lav\l + x^Y+^xy' 
Here, putting c = 6 v' 2, we can write 

d — '^^ 

Again comparing with 
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az = — J- — "^^^ ,^, — ; .'. 2 = arcsm^l- -; cosz = x^l- ^ 

we have, when a^^V, 

, _ 1 dz . _ 1 1 (h-^a cos z\ 



1 /c+ai/2.cos z\ 

- .arc cos * ' 



/c+a|/2.cos z\ 
\ai/2 + c.cos zl ' 



/ 



T/(2a'— o') ■ \av/2 + c.cos 2/ ' 

dx 1 



^/(l— a;*)[oV(l+a!=')+ca;] ^/(2a»— c') 

X arc cos f «+aT/2.r« V[2-^(l+a;')] \ 



-iT.arc cos 



/ oy'{\+x-^)^2ax \ 

\a-x/2.r/a+x'^)-irci/2.x)' 



7(2a'— c') \ai/2.i/(l+a;2)+cv/2.a!y 

when 2o*>c'. In case 2a^<c', we have: 

da; 1 



/ 



|/(1— a;*)[ai/(l+a;=')H-ca!] ^(c^_2a^) 



^\ ax/2.yil-\-x^)-\-e.x )' 



^'''V a|/2.|/(l+a!'')+c 

It is now readily seen that the method just employed amounts to the sub- 
stitution of a new variable, for we have integrated in terms of z what was 
given in terms of x. Hence all functions integrable in terms of z become 
integrable also in terms of x. Thus, taking again 

, ^/2.dx . . 11— a;* . Il-a;« 

. • . cos = x\/2-i-i/{\ +x'), let it be required to integrate in terms of a;. 

, dz . . __ 6 sin 2 a p dz 

y ~ J^b^mif' ' ' "^ (6'— a2)(a+6cos2") pIZ^ j ;^+6^h7 

rp, . . , \/2.dx 

gives ay _ -^^^-_-^-^^^^ ^^^^_^__________. 



/: 



i/2.dx 

l/(l— a;2) [a* + (26*-[-a«)a;2qr272.a6a; 4/(1+^)] ' 
da; I X 



|/(1— a;2)[a2 4-(262+a2)a.2^2 |/2.a6a;i/(l+a;^)] i/'2 

byjl-x^) , J a__ / 6^/(1 +a.')+a,/2. a;\ 

(6»— a*)[ai/{l+a;^) + 6i/2.a;]^l/2(«^— 62JI* Ui/(l-f a;^) + 6i/2.a;/' 

In this manner the function 2 which we have here chosen will lead to a 
considerable number of new integrals, especially when the trigonometric 
functions in terms of 2 are taken and expressed in terms of x, as above. 

[To be continued.] 



